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Abstract: Establishing the technology for hot processing of some steels with special 
destination is connected in the first place to defining the warming conditions, depending on 
their technological characteristics. The choice of optimal regime is made, most of the times, 
relying on the practical experience because the analytical calculation methods give relative 
values. 
This paper proposes to compare the data obtained from industrial experiments with 
theoretical calculation methods for their approximation. The key innovation introduced in 
this paper is represented by analytical solutions to determine the evolution of the ingot mass 
temperature. We focused on presenting an analytical solution to determine the evolution of 
temperature in the ingots’mass and comparing it with the data resulted from experiments. 
The proposed analytical procedure successfully substitutes for hard-to-perform experiments, 
in conditions of the current practice. 
The usage of the proposed mathematical technique also assures the shortage of the total heat 
duration with economic effects generated by the reduction of fuel quantity and by the increase 
of productivity of the deep furnaces.  
 
Keywords: steel ingot, deep furnaces, internal stresses, structural phases, thermocouples, 
thermal conductivity optimum regime, deep furnaces, turned flame, corrosion, refractory. 
 
1. Introduction 
 
In industrial practice, heating steel ingots starting from cold state usually lasts 8-12 
hours, but in the case of particularly large bullion or steel qualities that require 
special treatment, heating can take up to 18 hours. 
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Heating the regular carbon steel qualities in modern deep furnaces, equipped with 
automatic control, the problem is rather simple, since the operator sets the furnace at 
the temperature required by the process.  
In the first phases of the heating process the furnace is heated using the nominal or 
maximum fuel flow. Then this flow rate is gradually reduced as the heat penetrates 
inside the bullion and reaches a minimum level in the final phase when a 
predetermined time is maintained for equalization. This time can be half an hour or 
more, depending on the experience of each plant.  
When high carbon steel ingots are heated or alloyed steels with special purpose that 
are in cold condition or have had a high transit time, the furnace is usually cooled to 
the temperature of the previous loaded charge [1,2]. 
The ingots are then slowly heated to a predetermined temperature below the plastic 
state processing temperature. After the ingots have been evenly heated to this 
temperature, most steel qualities can be heated quickly to the required processing 
temperature [3]. 
One of the common methods used for heating some alloyed steels is the so called 
stage heating. This method consists of heating ingots in several steps up to the 
processing temperature, each step having a specific duration corresponding to the 
time necessary to uniformize the temperature in the mass of the metal material. 
This process eliminates internal tensions caused by large temperature differences 
from the interior of the ingots and assures a slow and uniform heating [4]-[7]. 
If heating for plastic processing starts from cold state, for steels with special 
qualities, susceptible to solid phase transformations like the ones this work refers to, 
then setting the heating speed up to the temperature of 700-800 Celsius degrees must 
be done with special care, this being in fact the most suitable period for the 
appearance of internal and structural defects [8]. 
Analyzing the situation in the country and abroad, the heating process for these steels 
raises difficult problems and differs from one company to another, based mostly on 
its own experience gained. Although it has been practically proven to increase the 
heating speed, there is a danger of insufficient heating on the section and the 
destruction of steel compactness during the initial heating period [9].  
Thus, in the preheating period i.e. until the ingot center reaches the temperature of 
500-550 Celsius degrees, the heating speed is limited by the temperature difference 
that forms between the surface and the center of the ingot, which must not exceed a 
critical value to avoid the destructive effect of thermal and structural tensions [10]. 
 
2. Experimental and analytical research 
 
We consider in this work the steel of type Cr-Ni-Mo, who falls into the category of 
austenitic stainless steels, mark 10TiMoNiCr175, according to STAS 3589-87. 
Steels of this type raise problems when processing by laming or forging because they 
are far from the state of thermodynamic balance, almost always having a multiphasic 
structure [11]. 
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At the steel company from Hunedoara the heating regime for this steel is determined 
according to a number of factors such as: chemical composition, phasic steel 
composition, heat deformation resistance, furnace type, weight and ingot size, 
lamination scheme [12]. The structure of these ingots is unfavorable in terms of 
deformability by excessive expansion of the columnar crystal area and strong 
segregation of the alloying elements. It is possible to appear constituents with 
negative influence on plasticity as well as reduced thermal conductivity. Therefore, 
heating these ingots for plastic processing up to almost 800 Celsius degrees must be 
done at a reduced speed so that at higher temperatures a higher heating speed can be 
adopted [13]. 
To the best of our knowledge, in the preheating period, i.e. until 500-550 Celsius 
degrees are obtained in the center of the ingot, the heating speed is limited by the 
temperature difference between the surface and the center of the ingot. It must not 
exceed a certain critical value, in order to avoid the destructive effect of thermal and 
structural tensions [14]. 
Most of the time, the choice of heating regime is based on practical experience, 
because analytical calculation methods provide relative values [15]. 
For the experimental determination of temperature distribution, we considered a 
randomly selected ingot, of mark 10TiMoNiCr175, with mass of 3,6 tons. It was 
equipped with temperature measuring thermocouples and it was heated in a deep 
crucible, along with the other ingots. 
The measurement of the temperature evolution on the ingot section was carried out 
with the Pt-Pt.Rh thermocouples, located as in Figure 1. The evolution of the 
temperature according to the heating regime industrially applied for this steel quality, 
is shown in Figure 2. Curve 1 represents the evolution of the temperature of the 
furnace given by the thermocouple on the panel of appliances. The installation of the 
two ingot thermocouples were made as shown in Figure 1. Curve 2 and curve 4 
represent the values of the experimentally measured temperatures for the ingot 
surface and for the orifice on the ingot’s axis, respectively.  
The heating was carried out by starting with the cold furnace, due to thermal 
insulation mounting difficulties for the connecting wires of the thermocouples, 
which required protection against temperature and atmosphere in the furnace. 
Experimentations were carried out in the temperature range 20-860 Celsius degrees 
(Figure 2), which includes the preheating period for ingots of this steel that are 
inserted into the furnace in the cold state. After the end of this period, the heating 
speed can be increased because the danger of thermal tensions disappears due to the 
large temperature differences on the ingot section. 
Obviously, conducting such experiments with ingots in industrial furnaces, under the 
conditions of current practice are cumbersome, long-lasting and difficult. 
For this reason, in this work we resorted to finding analytical solutions to determine 
the evolution of temperature in the ingots mass and to compare their values with the 
data experimentally obtained. 
Among the existing analytical solutions, the utmost interest stands for mathematical 
methods based on differential equations of thermal conductivity, so-called physico‐
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mathematical methods. These methods offer complete solutions for various heating 
regimes. Thus, the most important problem of the analytical theory of heat consists 
is the determination of temperature distribution in the metal ingot according to 
coordinates and time. 
In the paper, the industrial ingot is approximated with a finite cylinder, at finding 
some analytical solutions [16,17] to determine the temperature’s evolution in the 
ingots’ mass and comparing them with the experimental obtained data. 

 
Fig.1 Experimental determination of temperature distribution when heating the cold ingots 
1-ingot; 2-cooling coil for thermocouples; 3-furnace’s masonry; 4-thermocouples’ protection; 5-

thermocouples’ conductors; 6-lid; 7-thermocouple connection; 8-conductive contact; 9-the ingot’s 
reaming for placing the thermocouples. 

 
Fig. 2- Variation curves of the ingot’s temperature.1-furnace’s temperature; 2-the temperature 

experimentally measured at the surface of the ingot; 3-the resulted temperature from calculus in the 
center of the ingot; 4- the temperature experimentally measured in the center of the ingot. 
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Resolving this problem imposes firstly the reduction of the differential equation of 
the thermal conductibility which settles the link between the temperature variation 
in space and time.  
To derive the mathematical model, we consider a circular cylinder with length   

and radius 0R    , 0   being the ingot side. 

Used notations: 
T   - The temperature at a current point of the ingot [K]; 
 - Time [h]; 
  - The coefficient of thermal conductivity [W/mK]; 
c  - The specific heat [kJ/kg K]; 
  - Density [kg/m3]; 

a  - Heat dissipation [m2/h]; 
 - The overall heat exchange [W/m2 K]; 
h  - The coefficient of relative heat transfer [m-1]; 

0T  - The initial temperature of the ingot [K]; 

gT  - The temperature of burned gases from the furnace [K]. 

Temperature distribution in the cylinder, using Cylindrical coordinates, is given by 
the equation of thermal conduction:  

2 2

2 2

1T T T T
a

z r r r
    

       
           (1) 

with initial condition: 

  0, ,0T r z T      (2) 

and boundary conditions: 

   0,0,T r T       (3) 

    , , , ,g

T
r h T T r

z
     

                (4) 

   , , , ,g

T
R z h T T R z

r
     

             (5) 

A variety of analytic techniques have been applied to the nonlinear heat conduction 
problems. Marshak [18] was the first to obtain a self-similar solution to the nonlinear 
radiation heat conduction equation. Parlange et al. [19] obtained approximate 
analytical solution of the nonlinear diffusion equation for arbitrary boundary 
conditions. Recently, Barbaro et al. [20] applied the Kirchhoff transform to the 
enthalpy formulation of the heat conduction equation to obtain approximate 
solutions for temperature-dependent thermal properties.   
We adopt in this study a decoupling method for solving the equation of thermal 
conduction in Cylindrical coordinates, previously used for Navier-Stokes equations 
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[21]. By dividing the temperature into a steady-state part  1 ,T r z  and a time 

dependent part  2 , ,T r z  : 

     1 2, , , , , gT r z T r z T r z T                   (6) 

the functions 1T  and 2T  are satisfying, respectively, the following Cauchy problems: 

 
2 2

1 1 1
2 2

1
0

T T T

z r r r

  
  

  
          (7) 

  1 0,0 gT r T T       (8)  

    1
1, , 0

T
r hT r

z


 


              (9) 

    1
1, , 0

T
R z hT R z

r


 


          (10) 

and 
2 2

2 2 2 2
2 2

1 1T T T T

a z r r r
   

  
   

           (11) 

   2 0 1, ,0 ,gT r z T T T r z            (12) 

 2 ,0, 0T r                                    (13) 

   2
2, , , , 0

T
r hT r

z
 

 


           (14) 

   2
2, , , , 0

T
R z hT R z

r
 

 


          (15) 

Solving the Cauchy problem (7)-(10) 
To solve the problem (7)-(10) we are searching the solution of the form: 

      1 ,T r z U r V z     (16) 

which substituted into the Eq. (7) leads to the following two differential equations: 
2 2 2

2 2 2

1 1 1d U dU d V c
const

U dr rU dr V dz R

 
      

 
         (17) 

Differential equation: 
2 2

2 2
0

d U dU c
r rU

dr dr R
        (18) 

with the boundary condition: 

 0,
dU

hU for r R
dr

                        (19) 
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has the solution: 

   1 0

c
U r K J r

R
   
 

     (20) 

where c  represent the roots of the equation:  

    0 1hRJ c cJ c      (21) 

and 0 1,J J  are respectively, the Bessel functions. 

Function  V z  must satisfy the differential equation: 

 
2 2

2 2
0

d V c
V

dz R
       (22) 

with the boundary conditions: 

    00 gU r V T T       (23) 

0,
dV

hV for z
dz

            (24) 

 
Equation (22) together with the boundary condition (24) has the solution: 

  2

c c
V z K ch z Qsh z

R R

             
        (25) 

where 
c c

c sh hR ch
R RQ
c c

c ch hR sh
R R






 

 
    (26)  

Having the product    U r V z   and imposing condition (23) leads to solution of 

 1 ,T r z  in the form: 

     
   

1
1 0 02 2

1 0 1

2
, g

J c c
T r z T T J r

Rc J c J c

c c
c sh hR ch

c cR R
ch z sh z

c cR Rc ch hR sh
R R

 

   

 


 

 






         
                                   



 

 

           (27) 

where c   represent the roots of Eq. (21).  
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Solving the Cauchy problem (11)-(15) 
To solve the problem (11)-(15) we are searching the solution of the form: 

     2 , , aT r z X r W z e       (28) 

This leads to: 

 
2 2 2

2 2 2

1 1 1d X dX d W c
const

X dr rX dr W dz R


   
         

   
          (29) 

It is obviously that function  X r   has the form of Eq. (20).  

Function  W z  satisfies: 
2 2

2 2
0

d W
W

dz


 


     (30) 

where: 
2 2

2
2 2

c

R

  


              (31) 

and the boundary conditions: 

 0 0W             (32) 

0
dW

hW for z
dz

                             (33) 

and its calculated solution is of form: 

  3 sinW z K z
   

 
    (34) 

where    represent the roots of the equation: 

 tg
h

  


                                   (35) 

The constant 1 3K K  which occurs in Eq. (28) is calculated based on Eq. (12). 

The final form of the distribution of the temperature is given by: 

𝑇(𝑟, 𝑧, 𝜏) = 𝑇௚ − ൫𝑇௚ − 𝑇଴൯ ෍ 𝐴௩

ଶ

௩ୀଵ

𝐽଴ ቀ
𝑐௩

𝑅
𝑟ቁ ቂ𝑐ℎ ቀ

𝑐௩

𝑅
𝑧ቁ − 𝑄𝑠ℎ ቀ

𝑐௩

𝑅
𝑧ቁቃ

− ൫𝑇௚ − 𝑇଴൯ ෍ ෍ 𝐵௩௞𝐽଴

ଶ

௞ୀଵ

ቀ
𝑐௩

𝑅
𝑟ቁ sin ቀ

𝜇௞

𝑙
𝑧ቁ

ଶ

௩ୀଵ

𝑒
ିቆ

௖ೡ
మ

ோమ ା
ఓೖ

మ

௟మ ቇ௔ఛ
       (36) 

where: 

 
   

0

2 2
0 1

2J c
A

c J c J c



  


  

              (37) 
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c c

c sh hRch
R R

Q
c c

c ch hRsh
R R

 


 


      
   
      
   

 

 

             (38) 

 

     

2 2 2

0 2 2 2

2 2
2 2
0 1 2 2

8 cos

2 sin 2

k
k

k

k
k k

c c
J c

R R
B

c
c J c J c

R

 





  



  

  
   

  
 

     
 





   (39) 

and , kc   represent respectively, the positive roots of the following equations: 

 
 

0

1

J c c

J c hR
 



  ,     (40) 

k
ktg

h

  


      (41) 

 
On the basis of Eqs. (36)-(41) we calculate the curve of the evolution of the 
temperature in the center of the ingot (Figure 2, curve 3). 
Four intervals of three hours each were considered for drawing the curved. Thermal 
parameters of the originating ingot material are presented in Table 1. Solutions of 
Eqs. (40) - (41) are listed in Table 2. The theoretical drawn curve represents the 
interpolation values from the beginning of the periods of heating. 
By analyzing the curves shown in Figure 2 (3 and 4) it should be noted that 
experimental values of the temperature does not varies greatly from the calculated 
ones, justifying the usefulness of the method for practical situations. The analytical 
method presented here can safely substitute difficult industrial experiments.  

                                                                                        
                                                                                                                        Table 1 

Temperature of burned gases 
[oC] 

450 610 705 860 

  [W/mK] 17.3 19.8 21.2 22.1 
a  [m2/h] 0.0116 0.0115 0.0113 0.0110 

c  [J/kg K] 586 723 814 887 
                                                                                           

                                                                                                                        Table 2 
Temperature of burned gases 

[oC] 
450 610 705 860 

1c   

2c  
1.9 
4.6 

1.8 
4.5 

1.7 
4.4 

1.7 
4.3 

1   

2  
3 
6 

3 
5.9 

2.9 
5.9 

2.9 
5.9 
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The theory of heating of steel ingots susceptible to phase transformations in solid 
state, can be concluded by solutions of the following form: 

 
 

 
 

  
 

Equation of thermal conduction: 
2 2

2 2

1T T T T
a

z r r r
    

       
               (1) 

with initial condition: 

  0, , 0T r z T                  (2) 

and boundary conditions: 

  0, 0,T r T                   (3) 

   , , , ,g

T
r h T T r

z
     

    (4) 

   , , , ,g

T
R z h T T R z

r
     

 (5) 

By dividing the temperature into a steady-state part and a time dependent part 

     1 2, , , , , gT r z T r z T r z T        (6) 

the functions 1T  and 2T  are satisfying, respectively, the following problems: 

Equation with partial derivatives: 
2 2

1 1 1
2 2

1
0

T T T

z r r r

  
  

  
       (7) 

with boundary conditions: 

 1 0, 0 gT r T T                    (8) 

   1
1, , 0

T
r hT r

z


 


       (9) 

   1
1, , 0

T
R z hT R z

r


 


  (10) 

 

Equation with partial derivatives: 
2 2

2 2 2 2
2 2

1 1T T T T

a z r r r
   

  
   

  (20) 

with initial condition: 

   2 0 1, , 0 ,gT r z T T T r z    (21) 

and boundary conditions: 

 2 , 0, 0T r                (22) 

   2
2, , , , 0

T
r hT r

z
 

 


   (23) 

   2
2, , , , 0

T
R z hT R z

r
 
 


(24) 
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The solution of the problem (7)-(10) 
has the form: 

     1 ,T r z U r V z     (11) 

The solution of the problem 
(20)-(24) has the form: 

     2 , , aT r z X r W z e    (25) 

Differential equation: 
2 2

2 2
0

d U dU c
r rU

dr dr R
     (12) 

with the boundary condition: 

  0,
dU

hU for r R
dr

    (13) 

has the solution: 

  1 0

c
U r K J r

R
   
 

          (14) 

 

Differential equation: 
2 2

2 2
0

d X dX c
r rX

dr dr R
   (26) 

with the boundary condition: 

0,
dX

hX for r R
dr

    (27) 

has the solution: 

  1 0

c
X r K J r

R
   
 

         (28) 

 

Differential equation: 
2 2

2 2
0

d V c
V

dz R
              (15) 

with the boundary conditions: 

    00 gU r V T T           (16) 

0,
dV

hV for z
dz

       (17) 

has the solution: 

  2

c c
V z K ch z Qsh z

R R

             
(18) 

 

Differential equation: 
2 2

2 2
0

d W
W

dz


 


             (29) 

where: 
2 2

2 2

c

R

  


                    (30) 

with the boundary conditions: 

 0 0W                          (31) 

0
dW

hW
dz

             (32) 

has the solution: 

  3 sinW z K z
   

 
     (33) 
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Having the product    U r V z   and imposing condition (16) leads to 

solution of  1 ,T r z  in the form: 

 

     
   

1
1 0 02 2

1 0 1

2
, g

J c c
T r z T T J r

Rc J c J c

c c
c sh hR ch

c cR R
ch z sh z

c cR R
c ch hR sh

R R

 

   

 


 

 






         
                                  



 

 

(19) 

The solution of  2 , ,T r z   has the form: 

 2 1 3 0, , sin ac
T r z K K J r z e

R
         

   
         (34) 

The constant 1 3K K  is calculated based on Eq.(21). 
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3. Verifying the study 
 
Generally, in the metallurgical industry from Hunedoara half-finished products are 
made from these steels destined to further processing (pipe extrusion or lamination, 
forging etc.). 
The guarantee of the usage level can be made by sending a laminate with as constant 
as possible physical-chemical properties on the length and section of the laminate.  
From the technological process point of view to the ingot phase, the reached 
performances are normal in the world (electrical furnace flow –VAD-VOD); as a 
result the attention is focused on the deforming part, meaning the most sensitive 
period, of passing from the solidifying structure of the ingot (non-homogenous, 
segregated, loose) to the relatively finished structure of the laminate. 
The guarantee of the stability of the process, knowing the deforming capacity in 
specific industrial condition; gas level in steel, pouring temperature, thickness and 
the temperature of the wall in the ingot, train refractory, dust ointment, period of 

The final form of the distribution of the temperature is given by: 

     1 2, , , , , gT r z T r z T r z T      

   

 
2 2

2 2

0 0
1

0 0
1 1

, ,

sin
k

g g

c
a

Rk
g k

k

c c c
T r z T T T A J r ch z Qsh z

R R R

c
T T B J r z e

R



  




 













 
     
 

 

                      

        
   



 



 

        (35) 
where: 

 
   

0

2 2
0 1

2J c
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c J c J c



  


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c c
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R R
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c c
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R R
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

 
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      
   
      
   

 

 
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 

     
 





 

and c , k  represent respectively, the positive roots of the following 

equations: 

 
 

0

1

J c c

J c hR
 



  , k
ktg

h

  


.                                                            (36) 
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maintaining at the pouring stand, stripping conditions, heating regime etc. can assure 
a product (in our case a half-finished product) which allows at further processing an 
insurance of the mechanical qualities for corrosion resistance and corresponding 
refractory to the final usage of the product.    
The steel used for experiments (10TiMoNiCr175 steel grade), was elaborated in an 
electrical furnace of 20 tones, and poured in ingots of 3,6 tones. Figure 3 a shows the 
internal structure resulting from the longitudinal sectioning of one of the obtained 
ingots. It is noticed a pronounced segregation. Figure 3 b highlights the structure 
obtained after rolling, on another ingot obtained under the same technological 
conditions. It is noticed a fine-grained structure. 

     
      a - ingot structure  b - laminate structure 

Fig.3. Passing from the solidification structure (a), to the laminate structure (b). 
 
From the elaborated steel 6 ingots were poured. Three of these (first lot) were heated 
according to the technology used in the plant, and the other three (second lot) 
according to the diagram from Fig.2, which took into account the evolution of the 
ingot temperature during the preheating period (20-860°C). 
The interrupted curve 3 from figure 2 was analytically calculated after the 
mathematical study accomplished in the paper.       
In both of the cases, according to the actual technology, half-finished round profile 
products were laminated with a diameter of 180mm.    
At receiving the first lot, on the surface of the laminates flaws have appeared with 
variable depth and distribution, highlighted in red in figure 4a. These flaws are 
caused by an insufficient mixing (chemical-by diffusion and thermal) of the ingots 
during the heating. 
Receiving the second lot, the surface of the material was corresponding on its entire 
length (figure 4b). On a single laminated bar, two flaws had appeared under the 
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aspect of some prints, due to the drops from the initial pouring phase (before 
stabilizing the steel jet).  

   
a)                                                           b) 

Fig. 4. The surface of obtained laminates (a-first lot; b-second lot) 
 

The proposed alternative (heating according to figure 2) assures the shortening of 
the heating time with over 5 hours, with economic effects generated by reducing the 
quantity of the fuel and increasing the productivity of the furnaces.  
 
4. Conclusions 
 
In this paper, we have proposed a framework for definition and knowledge of the 
evolution of the thermal field in industrial steel ingots of mark 10TiMoNiCr175, 
during the preheating period. Experiments of this type in current production 
conditions are particularly difficult. Difficulties are caused by the need for thermal 
insulation of the connecting wires of the thermocouples against the temperature and 
atmosphere in the furnace. 
For this reason, the key innovation introduced in this paper is represented by 
analytical solutions to determine the evolution of the ingot mass temperature. The 
paper’s credit consists in presenting an analytical methodology to determine the 
evolution of temperature from the center of some massive steel ingots, as opposed 
to the situation when this evolution is emphasized in an experimental way. 
Figure 2 (curves 3 and 4) illustrates that the experimental and analytically calculated 
values of the ingot temperature in the center differ insignificantly, validating the 
analytical method and justifying the usefulness of the presented method for practical 
situations. 
Calculating the evolution of the temperature from the center of the ingots, the 
proposed mathematical technique substitutes with high accuracy some difficult 
experiments, almost impossible to perform in conditions of the current practice. The 
use of the proposed analytical procedure assures the shortage of the total duration of 
the heating, with economic effects generated by reducing the fuel quantity and 
increasing the productivity of the deep furnace. 
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