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Abstract. Using the author's researches, this paper extends the study by new formulations
regarding the acceleration energies of first, second, third and fourth order. The advanced
notions will be implemented in the differential equations of higher order, corresponding to
suddenly and transitory motions.
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1. Introduction

This paper is structured in three main parts. The first one is focused on a few
new formulations, in the analytical dynamics of multibody mechanical systems
(MBS), when they are characterized by suddenly movements (when the linear ac-
celeration greater then g - gravitational acceleration), and the transitory motions. It
demonstrates theoretical as well as experimental the existing of the acceleration
energy of higher order. On the basis of the author's researches the acceleration en-
ergies of first, second, third and fourth orders will be presented in the both explicit
and matrix formulation. The second part of this paper is devoted to present the ad-
vanced principles and motion equations in higher order, which will lead to variations
in time of generalized forces, which dominating these types of mechanical systems.
Within of these differential equations will be included the acceleration energy of
higher order. The last part is an application in which the theoretical aspects presented
in this paper are used to obtain the acceleration energies of higher order and the time
variation laws for the generalized driving forces for a serial robot of type Fanuc.
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2. Advanced Notions in Analytical Mechanics

The phrase, entitled “advanced notions” founded in the analytical dynamics, is
focused in this paper on the energies whose central functions are referring to the
accelerations of higher order. They are developing in any suddenly and transitory
motion of the mechanical systems. Leading to Appell’s function, highlighted in
1899, also named “the kinetic energy of the accelerations” [14], the author has been
developed a few new mathematical formulations on the expressions for acceleration
energies of first, second, third and fourth order [4], [5],[7] — [12]. They will be
presented, in explicit and matrix form, and the kinematical parameters will be ex-
pressed, using matrix exponentials [3], [4], [13], as well as matrix and differential
transformations from advanced mechanics of the systems. The starting equation is:
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Fig. 1 A kinetic ensemble from MBS



Journal of Engineering Sciences and Innovation, Vol.1, Issue 1 /2016 51

Considering the symbols from Fig.1, refer to (1) it defines the acceleration energy of
order " p=1,2,3,.." for akinetic ensemble;=1— », belonging to MBS, while refer
to (2) it is corresponding to whole mechanical system. The symbols, included in (1),
(2) and Fig.1 have the significances: (p) and (p+1) isthe order of the absolute and
time derivatives; 't the position vector of the elementary mass dm relative to ref-

erence frame {i*} applied in the mass center; ()7, the position vector of the mass
center projected on {0} or {i} reference frame; "[R] the rotation matrix between
the two frames above mentioned. Whereas MBS is characterized by n degrees of
freedom (d. o. f.) also named generalized coordinates, they are included in the

column matrix @ (t) = (g;(t), for i=1—n)", as well their time derivatives. Using (1)

and (2), in the following of the first chapter, the expressions of the acceleration en-
ergies of first, second, third and fourth orders will be demonstrated and presented, in
explicit and matrix form.

2.1 Acceleration Energy of First Order

According to the scientific literature [1], [2], [4]-[12], [14] and [15] in 1879,
Gibbs defines the differential equations of motion, on which, in 1899, Paul Appell
performs a detailed study. As a result of this study, were deduced the equations,
known as Gibbs-Appell, which are applied for holonomic and nonholonomic
systems, where the role of the kinetic energy was substituted by the acceleration
energy also known as Appell’s function or “kinetic energy of acceleration” [14].
Unlike the studies, above mentioned, in the paper [4] and not only, the author, of this
paper, was established the acceleration energy in a generalized form, corresponding
to a MBS and it was named acceleration energy of first order. Starting from (1) and
(2), equation for defining the acceleration energy of first order is:
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After significant matrix and differential transformations in (1) and (2), the author

was obtained the expression of definition, in explicit form, for acceleration energy of
first order and corresponding to whole mechanical system (MBS):
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Refer to equation (4), it includes the following symbols and parameters:
A ={{-1'generalmotion} {0; translation}; ;{1; rotation }} ; (’)vC the absolute acceleration

of the mass center; a) and (’)5 the absolute angular velocity and acceleration of

the kinetic ensemble (/) from Fig.1; M, , (’)I,. and (’)Ip,. represent the mass, the axial

and centrifugal inertial tensor, as well as the planar centrifugal inertial tensor cor-
responding to the entire kinetic ensemble (i), relative to the mass center C.:

Oy — J'((i)Fi* x)((’)F,* X)T am (’)/;, :j(’)F,* 7 Tdm | ©)

The same acceleration energy of first order, above written by (4) and corresponding
to MBS, the author has developed [4] [6] a matrix expression, and below presented:

EP[a(1);0 (); 9(1‘)]— {07 (-Ma1]-8 D+
(6)
+5T(t>.v[§(t);§2(t)]+[§T(t)p[é(t);é%t)]i(t)]}
Refer to the equation (6), it contains on the one hand the first and second time
derivatives of the column matrix &(t) of the generalized variables, also named

generalized velocities and accelerations. On the other hand in (6) a set of dynamics
matrices are founded, whose expressions are defined below:
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where rows:i=1—n and columns:j=1—n
Equation (7) is the mass matrix or inertia matrix of acceleration energies, refer to (8)
with (9) it represents the column matrix of centrifugal and Coriolis terms, while refer
to (10), it is named pseudo-inertial matrix of the acceleration energy. All three
matrices are known, for example [1], [4]-[12]. Their components illustrate on the
one hand the mass properties included in the pseudo-inertial tensor:
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On the other hand, the dynamics matrices include the so called differential matrices
of first and second order, which correspond to the homogeneous transformations
matrices between the reference systems of the MBS, see Fig. 1. So, the differential
matrix of first order (p -position, R -orientation) shown as:
I
B ;) (R) A i) (P) .
)~ 5 - &
(4x4)

i

(K9 %)-q, A, }},(ij) x).A/ .exp{Z(E(o) x)-q,-4, }-R,-(g), (13)

I=j
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a,

k=0

A,-,-(ﬁ)=a—5’={e><p[lzl(kk x)- qk-Ak}}-XﬁeXD[i(E x)-q A} P +4(p) (14)

(3x1) aq i I=]

while X, = (5" x)-k(® -4, +(1-4,)- K (15)

A (P)=4, exp[z(kk x)-q, A }i{eXp{ 5 (Eg’x)-qm-Am-Bm}‘E, (16)

I=j m=j-1
The differential matrix of second order is defined with matrix exponential functions:
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k

According to [3]—[11], the sub-matrices from (12) and (17) are determined using
matrix exponential functions. In their expressions the following symbols are in-

—(0
cluded as follows: k§<()j) is named the unit vector, in the initial configuration, of the

axis corresponding to the generalized coordinate gy, , while Ak(j) =1 when

Q) angular coordinate and this is Ay =0 otherwise. The terms ;_),.(O) and R,(OO)

represent the position vector, respectively the orientation matrix of the system{i} in
relation to {0}, in the initial configuration.

In conclusion of this section, refer to (4), it can be seen that a generalization of Kénig’s
theorem from analytical dynamics but this is extended on the acceleration energies of
first order, for anything mechanical system.
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2.2 Acceleration Energy of Second Order

According to the research of the author [5], [8] — [12], the suddenly motion of
MBS, the transient motion phases, as well as the mechanical systems subjected to the
action of a system of external forces, with a time variation law, are characterized by
linear and angular accelerations of higher order. A simple example in agreement with
this statement is the simplified mechanical system shown in Fig. 2. Therefore, in this
section the acceleration energy of second order is developed in explicit and matrix
form. Starting from (1) and (2), the acceleration energy of second order becomes:
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Fig. 2 Simplified mechanical system

According to [8]-[10], applying a few matrix and differential transformations, the
explicit form of the acceleration energy of second order for a MBS is obtained as:

— - L p An 1—Am 1 1 = j=
EQ[F(6):8(0:6(1:6 (1) ] =(=1) WZ{E’” Vg, - vc,-}+

mzn:{% ‘o I w42 @] ( / ,)

+’;T'(I6.T.)‘XII*"’C¢_),4)—’0_),T (I—T II* /—)

>,
+A Z;{ (—T ) w2 w B e e - 21)

‘i) [’af ('a') xI ’5.)]’5+%’5T.["a—)7~(’5,7-’I,-“‘~’67>,-)~’a_),-]‘"67),-}-

It can be also considered an extension of the generalization of Kénig’s theorem of
the second order. Refer to (20) and (21) they include the symbols and parameters
specified in the second and third pages. At these, the terms which are function of
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0 =(q;, for iF1— n)", representing the generalized accelerations of second order are

also added. According to [8] — [10], following of the application a few of matrix and
differential transformations, the matrix expression of the acceleration energy of
second order is determined as follows:

EQ[a(1):8(0:8(t):8 (1=
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Alongside (7), the other five dynamics matrices are included in the acceleration
energy of second order (22). They are defined below in a symbolically form:
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Equations (23) - (27) are dynamics matrices of second order with mass and inertia
properties. The differential matrix of third order, component of the dynamics matrix
(24), with (26) and (27) has the form:

{ A R !_A_Uk_m_@]
0

Aijkm | n (28)

(4x4)

According to [3]-[13], the sub-matrices from (28) are expressed by means of the
matrix exponentials functions:
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where the column matrix A,-j ([_)) is given by equations (14) — (16).

The differential matrix of fourth order, component of the dynamics matrices (26) has
the following definition expression:
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j-1
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The components of the differential matrix of fourth order, included in (34),
according to same [3]-[13], it observes that they have been also determined by the
matrix exponentials functions.

2.3 Acceleration Energy of Third Order

Considering the introductory aspects from previous section, the suddenly motion
of MBS, the transient motion phases, as well as the mechanical systems subjected to the
action of a system of external forces with a time variation law, in which the robots are
included, the dynamic study is extended on the acceleration energy of third order. As
example, the same Fig.2 can be also considered. So, using (1) and (2), in this case, in
accordance with [9] — [12], the author proposes the equation of the acceleration
energy of third order. This will be defined in both variants: explicit and matrix form.
First of all, the starting equation shows as:
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where 7, represents the absolute acceleration of third order of the elementary mass

dm , and ,5, expresses the absolute acceleration of third order of the origin O, € {i},

where {i} is the reference frame, in accordance with the same Fig.1. According to

[12], applying a few matrix and differential transformations the acceleration energy
of third order for MBS is obtained, under the explicit form, in the two variants:
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First variant, of the acceleration energy of third order, under the explicit form, is
presented by (37), and the second variant, highlighting the generalized variables, is
also shown in the explicit form thus:

£ [0 (08 (8015 (05 (0]=5 % 3w

1 j=1
430D Vi G i G +3- 252 D Vi GGl + (38)
i=1 j=1m=1 i=1 j=1m=-1
U Jn U no Jn n n n n eeee
+6- ZZZZHulmq/ 49 qm+ZZZZZK:ﬂmp Q- QG -G,
i=1 j=1 =1 m=1 i=1 j=1 =1 m=1 p=1

EQ(D=EX[a(1):0(0:8(1):0(1:6 (O ]+EL[a(1):0(0:8(1):0(1)] (39)
Equation (39) contains the two terms corresponding to complete form. Refer to (37)
and (38), they include the symbols and parameters specified in the first two sections of

this chapter. At these, only the terms which are a function of 9 = (G, for i=1—>n)",

representing the generalized accelerations of third order are added. Similarly with the
first two types of acceleration energies, it can also observe an extension of the
generalization of Konig’s theorem regarding the acceleration energy of third order.

According to [10] and [12], following of the application a few of matrix and
differential transformations, the matrix expression of the acceleration energy of third

order is defined as function of & = (¢, for i=1— n)’ with:
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The dynamics matrices of third order, included in the equation (40), have the
following expressions of definition:
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(nx1)
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- m=1l-n| =
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The last two have the same matrix form with (24) and (26). All components of the

above dynamics matrices are also determined with matrix exponentials described in
the previous section, according to [10] and [12].

2.4 Acceleration Energy of Fourth Order

On the basis of the expressions (1) and (2), the researches of the author are extended
about the acceleration energy of fourth order. The starting equation is shown below:

. .. () n (5)
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The time derivatives of fifth order for the rotation matrix and position vector,
included in the above equation, are determined as follows:
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The differential matrices of various orders, included in (46), are determined in
accordance with (12) — (17) and (28) — (33), on the basis of the same matrix expo-
nentials functions and their time derivatives. The starting expression (45)
corresponding to acceleration energy of fourth order and (46) corresponding to time
derivatives of fifth order for the rotation matrix and position vector, will be
developed in the final form in the other papers of the author.
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3. Generalized and Operational Accelerations of Higher Order

The expressions of definition for acceleration energies, presented in the previous
chapter, are time functions by the generalized coordinates and their time derivatives
of higher order. Taking into study a mechanical robot structure (see Fig. 3), as
integrating part in MBS, the position and orientation of the last moving frame

{n+1} are included in a column matrix°X(t), having (6x1) size. Considering the
researches from [3] — [4], in this paper the following expressions are proposed:

0@7) ~ m (m_1)! r (k1) .[m‘(k—”]:

X(t)_k=7—(k—1)!(m—k)! Jot] o(t) .
m)y  m—1 m—1)! (k) m—k

_o[a(0)]-0 S ((m_l)_1), J[a (0] o),

o m _, mt (m_1)( (k) (m—k)

X (0)-"9[0(1)] 'k:7m~OJ[0(t)J-9(t),m21.(48)

X0}

Fig. 3 Sequence from a mechanical robot structure (MRS)

In the above expressions, the symbols have the following significances: (m) is the
(m)
order of the time derivatives; OX(t) is the column matrix of the operational

(m)
accelerations of higher order; H(t) is the column matrix of generalized

accelerations of higher order, and OJ[Q_(t)] is named Jacobian matrix or the

velocities transfer matrix. Considering the mathematical models from [4], the
Jacobian matrix can be determined with matrix exponentials. At beginning, the
following matrices, as functions of exponentials, are established:
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Applying a series of transformations, within (12) - (14), the following exponential
expressions are obtained:
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{9%[9+3-(n—i )]}
_ _ T
Mivw = { {M’C = |:V’(0)T I: ka k — I N njl E,SO)T:| } Ai .ki(O)T} (52)
{[9+3-(n—i)]x1}

70 =B | KO- A+ (1= A )k (53)

5 {3 qi (t)+ [ ] 1- Cl:qk t)A:I}
kKO Lq, (t)-s[q, (1)-A ]}}

The expression (52) is the column vector of screw parameters (homogeneous coor-
dinates), as well as position and orientation parameters of the robot’s end-effector.

They are included in the Jacobian matrix, and its time derivative of (k) order [4],
according to expressions below presented in a symbolical form:

0J[§(t)}_[ [G,(t)] where /—1—>n} (55)

(6x1)

"J,-Eé-(t)]:ME{ (1))} ME{d,[8,(1)]}-ME{Us[ 8, (1)]} M, [8(1)]

(54)

OJ[é(t)] E[OJ,[%,)(t)] where i1—>n], (56)
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(k)
ME{JH [é (t)]}'ME{Jiz [5: (t)]} -ME{J,.3 [54 (t)]} M, [é (t)] +
(k) k
OJi [é (t)] = +ME{J:'1 [é (t)]} 'ME{Jm [é (t)]} 'ME{JB [é (t)]}MIVa) [_: (t)] o
[

—_
Na)

(6x1)

Therefore, using (47) and (48) as well as the polynomial interpolating functions of
higher order, the time variation law of the acceleration energies is obtained for any
application in the multibody systems.

4. Advanced Principles and Motion Equations in Analytical Dynamics

In the Newtonian dynamics of the multibody mechanical systems (MBS), the
most general theorem is considered the kinetic energy theorem in the differential
form. In keeping with [1] — [5], the advanced studies on the MBS have led to ex-
istence of some higher energy, corresponding to accelerations of higher order.

According to the literature [1], [2], [4] and [14] — [15], the general principles
underlying the entire analytical dynamics are: virtual work principle, the principle of
D"Alembert - Lagrange, which is known as the principle of virtual work, specific to
dynamic behavior of mechanical systems.

4.1 Formulations on Advanced Differential Principles

For explain the advanced principles in analytical dynamics, at beginning a few
notations and symbols are presented. So, according to Fig. 1, the position and ori-

entation of each of the (n) bodies is expressed by:
5 M= [q®, j=1>k]; 7 O=p[q 1A, j=1>k] (57
where Fc,- the position vector of the mass center of each is body, and ; is an angular

vector specific to orientation of each body in Cartesian space. These vectors are
depending of generalized coordinates q; which unequivocally defining the motion

of the entire mechanical system (MBS). It implements the observation
that Aj={(], for Translation)); (0, forRotation)}. In simplifying assumptions, MBS is a

holonomic mechanical system, and therefore the two vectors are associated virtual

displacements, according to differential expressions:
Iy 77 ‘
ST, :za—.(sqj, 5w,=za—-Aj-5qj=zJ,W-5qj. (58)
=1 99; =1 4; =
As a result, the following conditions are obvious for holonomic mechanical system:

{59, #0, 5, =0, where i=1—k, j=1-k] (59)
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In keeping with other researches of the author, [4], [5] and [11], for a multibody rigid
system, symbolically presented in Fig.1, the differential principle under generalized
form in analytical dynamics (generalization of D’ Alembert - Lagrange principle) is
defined with the next differential expression:

Z(F ~M, -3, )-oT, +Z( N —I' & @I -@) -6, =0 (60)
i=1
where IE,* , N, are the active forces and theirs moments with respect to mass center,
and I; is the axial and centrifugal inertia tensor (see expression(5)). The expression

(60) contains the angular parameters: @; and &;, named the angular velocity and

acceleration corresponding to a resultant rotational movements of each body be-
longing to the system. As a result, from (60), a generalization of the Lagrange's
Equations of first kind, according to [4], [5], [14] and [15], for a multibody system is:

ZM —+Z(I &+ <l _,)T-%-Aj:

qj i=1 8q1

7 O 7 Oy
=Y FT-— 4> NT-—ZL.A,
Z qj ; aq;

Applying the time derivatives of first, second and then (k) order on (61) it results:

d n —, _ 67( d n _. L o 8_,- '
E{Z(FI _Mi'ac’)'aﬁch}ra{zwi —l; & =@ x; 'wi)'a_W'Af}zo,

(61)

i=1 i=1 q;
0| &z g | d* & e . KLZN Y
dt2 |:Z(F’ MI aC/’) aqj}_i_dtZ |:§(NI _Ii 8 a) XI ) aq ':|_0’ (62)
dk 4 = — aF, dk § e p— — * — a_i
W{Z}(F, —M,.acl).aT:}W Z;(N, —1 5 —@ x| .a),)'a—ngj}:o.
j= j i= ]

Applying important differential transformations on the position and orientation

parameters (57), in keeping with [11], the partial and time derivatives are obtained:
(m) (m)

o, or v,
o, _ oK, Wi p =i (63)
aq. (m) aq, J (m)
I 0q; ! aq;
a a(ﬂ_l) a(m+1)
r a
Tmel ™ g
ql 8ql 0(7,
3 (m-1) (m+1)
G0V p )=t 88 g 2 L0V y mo123.. (65)
dt| aq; m+l ™ m+1 ™
0q; aqj

)
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. a(m_+2) a<m_+2>
d r 1 r 2 I
F(é]: me | (rcnl) “(m+)-(m+2) (2) ; (66)
J ZK aqj aq/
k=1
d’ (oy, 1 0 2 A
W(%‘A]): =h .%'Aj:(m+1).(m+2)'m+1' Z/r/ni) A (67)
/ Zk 5(],- aqf
k=1

)
where m=0,1,2,3,... and q,=q;.

As a result, the above differential expressions are written under the generalized form:

_ (m-+k-1)
g (ﬁrg] (k=1)!m! 0 T,
K| 2 |~ BT .
dt“"\ aq, | (m+k-1)! aénj : (68)

k=1, k={1;2;3:4:5;..}; m>(k+1); m={2;3;4;5;....)

K1 _ Ll (m-+k=3) . (m-+k=1)
d 61//,A _(k—'l)ma &g A _(k—1)m 0 v,
dt*" oq;

T mek=D1 ™ (k=1

) oq, oq . (69)
k=1, k={1,2,34;5,..}; m=>(k+1); m={2,3;4,5;....}

The above differential equations of position and orientation are substituted in the

differential principle under the generalized form (61). So, the motion equations of

higher order will be obtained for anything MBS.

4.2 The Motion Equations of Higher Order

First of all, Tsenov — Mangeron formulation in the Newtonian dynamics [2] is
presented below:

(m)
d(aECJ_aEC 1|0k

oE, | .
aqj aq] —E' (m)—(m+1)-T —Q/I{

m=12,... is time deriving order

dt

. }(70)
aq, q; and j=1—n

This expression is a development on the Lagrange’s equations of second kind, but
taking into account the generalized accelerations of higher order. The symbol E; is
the total kinetic energy for mechanical system with n d.o.f. subjected to dynamical
study, and Q;f are the generalized forces corresponding to n d.of.

Whereas the some mechanical systems are dominated by accelerations of higher
order, especially in the case of suddenly motions, the researches of the author have led
at the generalization of Gibbs-Appell equations:
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(m—2) (0)

i(aEc]_aEc _oEy _ql Jwhere EY)=E) j=1-n k=1 . (71)
v (m) o ’
dt\ aq; ) aq; 5 g m=[(k+1)=2] is time deriving operator

where Q,’O is named the generalized inertia force. It observes that the above

equations are corresponding to holonomic systems, and they are functions of
generalized accelerations of higher order. In the same time, the central function in
these equations is the acceleration energy of first order (4) and (6).
When the mechanical system is dominated by external forces characterized by certain
variation law in relation to time, the existence of higher order energies is noticed, see
[8] - [12]. So, applying a series of complex matrix and differential transformations on
differential principle in the generalized form (61), the author of this paper have been
proposed [12] the following development for the motion equations of higher order:

1 0 [ i (m(lﬂ S [— 545 o) }
— 2-EX+EY |=QL 10();0(1);0(1);---6()

aq; . (72

©)
j=1-n, k=2 m>[(k+1)=3], EP =E7

Within of the above differential equations, the central functions and their time
derivatives are acceleration energies of first and second order (see expressions (4)
and (6), and respectively (21) and (22)). In the right member from (72) is founded the
first time derivative of the generalized inertia forces, mechanically equivalent with
the generalized percussion forces.

Extending the study on the acceleration energies of third and fourth orders, the
author of this paper has been proposed the following development for the differential
equations of motion of higher order:

2 P (m—)  (m-2 (m N _(m)
IR OIS 5-EQ+2.EP+EY |=QL [0(1:0(1);0(1);---0 (1)
m+1)-(m+ aqj : (73)

©
where j=1—n, k=3 m>[(k+1)=4], m=456... andE =E;

_ _ — 1
2.3 a{ (m-5) (m=3)  (m-1 (m+):|_

) B @, (1)
(m+1).(m+2)_(m+3)'a(;) 9-E,”+5-E;" +2-E,” +E,
J

N Am
=Q} [H(t);e(t);é’(t);---;é?(t)} > (74)

(0)
where j=1-n, k=4, m=[(k+1)=5], m=567... and E, =E,”

So, unlike the equations (73) in which the acceleration energies of first, second and
third order are founded, in the (74) is also included the acceleration energy of fourth
order as well as their time derivatives (see (4) and (6), (21) and (22), (38) and (40),
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respectively (45)). In the right member from (73) and (74) is founded the second and
respectively the third time derivatives of the generalized inertia forces.

Any mechanical system founded in the dynamical behavior is dominated on the
one hand through the generalized inertia forces, on the other hand by generalized
gravitational forces. Using the researches of the author form [4] and [11], the
expression of definition and the time derivatives are shown below:

og=iM1-{{f[R]T-§}T-(1-A,)+{3[R]T'[(°E—E)Xﬂ }T-A,}-’E: (75)

a(r1+1) (m)
ooy AT | L i o —7 | 0y,
Q=2 Mg e |+ 2T XM, | A |+
i=1 i=1
! aq, aqj
. a(m+l)
- —r| 1 Vi ; 76
+ZrCIXM’,.g . M.T.Aj ( )
i=1 6ql
where m=3,45,... g=7-g-k,
r=7k{ -k;, k, =°§/|°§|, k, —vertical unit vector {0}

(m+2) (m)
o 2 0 | &e |0y,
Qé(t)=ZM,QT — +ZerXMi'gT' (_mI)'A/' +
i=1 (m +1)(m+2) aq] i=1 6q/
. ) a(nﬁ-l)
+2-3 I xM; g’ —% ; |+
Py m+1
aq,
. ) a(rn_+2)
_ _ Vi
+ZrC'XM’”g T(m+D)-(m+2) w4 0
i=1 5q1
where m=4,5,6,... §:r-g-l70, TZiEoT"?g
k, =°91|°g], k, —vertical unit vector e {0}

The above expressions characterize the generalized gravitational forces and their
time derivatives. The significances of the symbols from the above expressions have
been shown in first chapter of this paper.

On the basis of the differential transformations (2), (62), (68) and (69), as well as
the differential motion equations (71) — (74), the author of this paper proposes the
generalized differential equations of higher order in the case of the mechanical
systems (MBS), dynamically characterized by suddenly and transitory motions:
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(m+k)—(2-p+1)

. . (p+1
(k=1)t-m! 3 i{p (p”)_5&5;")[5(0;5(0 -0t )}

(m+k—1)!" <m> 2

(k-1) (m) (78)
—Q/O [H(t) 9(t):-- G(tﬂ
k=1, k={1,2;34,5..}; m>(k+1); m={2,3;45....

p=1—k; &,={{0;p=1}:{1;p>1}}

Using (75) — (77), finally, the generalized gravitational forces and their higher order
derivatives are determined with the following:

(k1) (k 1)lml o0 < (m+k—1) (m+k—1)
Q(f)= M Mg - T +ExM-G - 7 A |+
g( ) (m+k 1) Z|: i g G G x g l/ll i

aq i=1
n (k-1 a(r_n)
JrZ:rC xM;-g" - l//’ A |+
= 6q,

(k=2)tm! o &k o (mk2 (79)
+5kk' (k 1)—(m+k 2)| (m)Z1‘4|: rC XMg - W 'Aj:|
aq; !
where k=1, k={1,2345....;; m>(k+1); m={23485..}

p=1-k; S =[(0.for k<2); (1.for k>2)];g=7-g-kp, 7=Fkj -k,

k, = °51|°g], ,—vertical unit vector {0}

Summing the generalized inertia and the gravitational forces, according to [4], it
results the generalized driving forces, this operation being valuable in the case of the
second, third and higher order equations of motion:

kD1 L (m) (G} (m)
Q,’o [H(t);e(t);---;e(t)L Q) [e(t);e(t);---;e(t)L
(k=N . _(m)
= Q) [e(r);eu);---;euﬂ : (80)

k=1, k={1,2,3,4;5;.... }; m=(k+1); m={2,3,4,5;.....}

It can be seen that formulations (78), (79) and (80) are systems of » differential
equations of higher order, which will lead to the establishment of the generalized
driving forces (dynamic control functions) of first, second, third and higher order
which govern MBS’s suddenly motion, as well transitory motion phases.
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5. Applications

In order to illustrate in an experimental form the validity of the above presented
expressions, regarding the higher order acceleration energies, as well as the
differential equations of higher order it was considered the rotation motion on the
angular interval (O, 7z) of the arm of a serial robot of type Fanuc LR Mate 100 iB

(see Fig. 4). This serial robot structure is mechanically characterized through five
degrees of freedom. Among of these, the last three have been included in this
experiment into robot arm. By using a mono-axial accelerometer, it has been
experimentally established the time variation law of the tangential component of the
acceleration of a point belonging to the robot arm, also named characteristic point
(usually it represents the extremity of the end effector), according to [4].

Fig.4 Fanuc LR Mate 100iB Robot (The transducer location of the robot arm)

Considering the rotation motion of the robot arm, it results in a graphical form the
time variation law for the angular acceleration g, (r) (according to Fig. 5).
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+
kAR A LI
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Fig. 5 The time variation of the tangential and generalized accelerations

In order to highlight the time variation law of the acceleration energies of higher order,
the polynomial interpolating functions of fifth order have been applied in a new
formulation, according to [10] —[12]:
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Fig. 6 Time variation law of angular coordinate Fig. 7 Time variation law of angular velocity
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Fig. 8 Time variation law of angular acceleration Fig. 9 Time variation law of angular acceleration
of second order of third order
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where a

ip» P=1—>4 are the integration constants, which they are determined

from the geometrical and kinematical constraints with an important role in ensuring
the continuity of the rotation motion on the angular interval (0, 7[) , Characterized by
51 interpolation segments. On the basis of the results from Fig. 5 and the above
polynomial interpolating functions, the time variation laws for angular coordinate,
velocity and acceleration of second and third order are obtained (see Fig. 6 — Fig. 9).
The results, above obtained, regarding the higher order polynomial interpolating
functions have been included in the expressions of the acceleration energies of first,
second and third orders, corresponding to rotation motion of the robot arm:
1

E,(L\lill (T) ZE‘(Ms ‘Xés +M, -Zé3 + 3Iy)'(d§ik (T)"‘dg/k (7)) ; (86)

Eﬁ(f) :E'(Ms X+ My -2, +Sly)'(q32fk(T)_Z'qgik(T)'q&'k(T)+9'q?2>ik(r)'q§ik(T)+q§ik(r)) (87)

EE\?;? (7) ZE[(M3 Xoa +My 263+ 3Iy ) ‘(qgik (7)-8-ds (T)'qg,-k(,) +30- Gy (7) -G (7) — (88)
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N @ J
120z 10 ()
0T 11645 T ‘
280 I iis
26(}: 1
2401 90000 T I
201 80000 1 I |
20T | |
! 70000 T
1801 b t ! |!|'|
15‘3? w:m< 'li
Wy 50000 1 | "
‘.Zl}: 1 | |
0t aot |l
80} 20000 4 | N \ Y
RO + 1 | 1
21 20000 1 | / \
407 i | / 2
1 10000 T \/ \
- 5.0 T T oy g B - _ - + R .
00 0.1 02 03 04 05 06 07 08 09 1.0 11 12 13 14 15 16 17 oou 01020304 050607080910 11 12 13 14 15 18 1.7
3 J
I EY(7) g
2 2e+T T -
2e47 + -‘
1.8e+7T T
1.6e+T
1.4e+7
1.2e+7
1e+7 1+
8e+6 Fig.10 Time variation law of the higher
eras acceleration energy
4er6 T (a. of first order, b. of second order,
2648 (s) c. of third order)
U Mo,

oL SIS SRR TR H A ‘ —
0102 03 04 0506 07 0809 1.0 1112 13 14 1516 17



Journal of Engineering Sciences and Innovation, Vol.1, Issue 1 /2016 71

To highlight the importance of expressions concerning the differential equations of
motion of higher order, it was taken in study the same serial robot Fanuc of type LR
Mate100iB presented in Fig.5. On the third joint of robot was induced a rotational

motion in the range[O, ﬂ'] According to (71) - (80), there have been established the
differential equations of motion of second, third and fourth order as follows:

3 aEE\%I)( (7) 3 2 2,3\ =
mik (T):W(T)Jr gik (T):(MS‘X03 +My-zo + Iy)'qSik (T) (89)
)3 1_0 (2) (Z) 3 2 2,3\
mek(f)=z i () 2-Ej ( )+EA,k( 7) |+Q (7)= (M3~xCs +M;-z;, + Iy)~q3,k(r)(90)
3ik

@) (4)

()= I W&Eﬁf)(f)”’fﬁ?( )+EG(r ):|+ng( )=

=(M3 Xg, +Mj-z + 3Iy)-'(j'3,k (7)

(91)
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Fig.11 The generalized driving
T<5> torques of first, second and third
91011 12 13 14 15 16 1.7 order of the third driving joint for
the serial robot structure of type
Fanuc LR Mate100iB.

where Q,?,,-k, Q;,k and Q;,k are driving torques of first, second and third order, M,

is the mass of the robot arm, X, , Z, are mass center coordinates and 3'Iy is the



72 Iuliu Negrean / Advanced Notions and Differential Principles of Motion...

(m)
axial centrifugal inertia moment, and q;, where m =2,3,4 represents the angular

accelerations of first, second and third order, corresponding to rotation motion for
each segment of the motion trajectory in angular range[0, z]. The term §5(7) was

determined by experimental measurements (see Fig.5), while Gy, (7) and G (7)

were obtained by applying polynomial interpolation functions of degree five (see
Fig.8 and Fig.9). On the basis of previous expressions (see (89), (90) and (91)), in
Fig.11 there are represented the time variation laws for the generalized driving
torques of first, second or third order, corresponding to the third driving joint of the
serial robot structure of type Fanuc LR Mate100iB.
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